We show that if an open cover of a finite dimensional space is equivariant with respect to some finite group action on the space then there is an equivariant refinement of bounded dimension. This will generalize some constructions of certain covers. Those generalizations play a key role in the proof of the Farrell-Jones conjecture for the general linear group over a finite field.
Introduction
If a metric space X has covering dimension ≤ n then any open cover of X has a refinement of dimension ≤ n, i.e. a refinement such that every point of X is contained in at most n + 1 sets from the refinement.
If a group G acts on X then there is an induced action of G on the set of subsets of X, and we can call a cover U of X equivariant if is invariant under this induced action. Then define a G-cover of X to be an equivariant cover of X such that every translate of every set U in the cover is either disjoint from or coincides with U.
It then seems a natural question to ask if, given a G-space Y of covering dimension ≤ n, does every G-cover of Y have a G-refinement of dimension ≤ n?
In this article we show that for a finite group F acting by isometries on a metric space Z there is always an F-refinement, i.e. a refinement that is itself an F-cover. This will be done in Section 2.
Application To The Farrell-Jones conjecture
A family F of subgroups of a group G is a set of subgroups closed under conjugation and taking subgroups. In [4] , Bartels-Lück-Reich proved an axiomatic formulation of the K-theoretic Farrell-Jones conjecture for a finitely generated group G, with an arbitrary family F of subgroups of G. One of the conditions in their formulation is the existence of a metric G-space X with a compactification X of X such that G × X has wide open F -covers (see [4, Assumption 1.4 
]).
For the special case that the group G is hyperbolic, such covers for the compactification X of the Rips complex were constructed for the family V cyc of virtually cyclic subgroups in [3] . There they constructed a flow space FS together with a map G × X → FS. They then used the flow on FS to carefully construct a cover of FS, which they pull-back to G × X to get a cover with the desired properties.
However, the construction uses only certain properties that can be derived from the hyperbolicity of the group and the choice of X and X. The full list of conditions was stated in [1, Convention 5.1] . One of these properties is the existence of a bound on the order of finite subgroups of G, and it is this condition we will show is unnecessary by adapting the construction of the covers on the flow space.
If a group acts properly, isometrically and cocompactly on a CAT(0) space, it has such a bound. In [5] the cocompactness condition was weakened to show the Farrell-Jones conjecture for GL n (Z). A group satisfying this weaker condition need not have a bound on the order of finite subgroups, however GL n (Z) still does. For a finite field the groups GL n (F[t]) still satisfy those weaker conditions, as shown in [7] . However these groups do not have a bound on the order of finite subgroups. Removing this bound is a crucial step in the proof of the Farrell-Jones conjecture for S-arithmetic groups over function fields.
Equivariant Refinements
First we recall the definition of the covering dimension of a topological space. A space has dimension ≤ n if and only if every finite open cover has a finite n-dimensional refinement (see [6, So in a metric space of dimension ≤ n we can find an n-dimensional refinement of an arbitrary cover.
Now we formally give the definition of a G-cover; Definition 2.3. Let G be a group and let Y be a topological space with a
A G-refinement of a cover is a refinement that is itself a G-cover.
The goal of this section is to prove that for any finite group F acting by isometries on an n-dimensional metric space Z, every open F-cover of Z has an F-refinement whose dimension is ≤ n.
The idea is to project the cover down to the quotient space F\Z and take a refinement there, which can then be pulled back to give an equivariant cover of Z before taking careful intersections with the original cover to obtain an equivariant refinement.
For this we need to know the dimension of the quotient space. We can use a general result about continuous open mappings in dimension theory. We have stated the result in the full generality given in the book, but every metric space is a weakly paracompact T 4 -space, so if you are unfamiliar with the definition of weakly paracompact or a T 4 -space then you can take X, Y to be metric spaces.
To apply Proposition 2.4 to the quotient map Z → F\Z we need to know that the quotient space is a weakly paracompact T 4 -space. It suffices to show it is a metric space. For any finite group F acting by isometries on a metric space Z the quotient F\Z inherits a metric via 
is an equivariant cover of Z but it is not necessarily a refinement of U . Taking intersections with elements of U would give a refinement of U but we need to be careful about the dimension and to not lose the equivariance.
So for every V ∈ V fix an element 
There is one condition that still needs to be proven to know it is an open F-refinement, namely that translates are disjoint (or unmoved).
It remains to prove that dim(W ) ≤ n. We do this by proving that
The idea is to show that the projection π induces an injection
First we need to show that such a π z is well-defined, i.e. that any element
It remains to prove that it is injective. Suppose
Therefore the map is injective.
This shows that the dimension of W is bounded by the dimension of V.
The refinement constructed in this proof is not canonical because it will depend on the choices of the U V for the V ∈ V.
Generalising the General Position Arguments
The motivation for looking at these F-covers was to remove the condition that there is a bound on the order of finite subgroups in [1, Convention 5.1]. The convention we will use here given below. Convention 3.1. We make the following assumptions:
• G is a discrete group,
• F is a family of subgroups of G,
is a metric space with an action of G via isometries,
• FS\FS R is locally connected, locally compact and finite dimensional,
• the action of G on FS\FS R is proper
• the flow is uniformly continuous, i.e. for all α > 0 and all ǫ > 0 there exists some δ > 0 such that for any z, z ′ ∈ FS and any τ ∈ [−α, α]
Note that FS R is G-invariant since the flow is G-equivariant, so there is a well-defined action of G on the subspace FS\FS R .
Our assumptions here differ from [1, Convention 5.1] in a couple of ways. Firstly, we do not assume there is a bound on the order of finite subgroups. Secondly, we do not ask for the G-action to be proper on all of FS, only away from the stationary points. Finally, we do not require all of FS to be locally compact, only FS\FS R . This is because we are working towards a more general version of [1, Theorem 5.6]. Before we can state the theorem we need to explain some notation. The G-period of an element z ∈ FS is
where the infimum of the empty set is defined to be ∞. Then for any γ ≥ 0 we can split the flow space up into two parts;
We also need the concept of an F -subset and an F -cover. An F -subset of FS is a subset U ⊆ FS such that
The following theorem is a stronger version of [1, Theorem 5.6] and tells us about the existence of certain 'nice' covers of cocompact subspaces of FS >γ .
Theorem 3.2. Under the assumptions of Convention 3.1, there exists a number M ∈ N such that for any
e. for all g ∈ G and all V ∈ V, the set gV is also in V,
The proof of this theorem is as for the proof of [1, Theorem 5.6] . We are working away from the stationary points so it does not matter that we weakened a couple of assumptions from [1, Convention 5.1], where we allow things to be a bit more wild on FS R . However, we do need to prove that the bound on the order of finite subgroups is not necessary.
[1, Theorem 5.6] is a more precise formulation of [3, Proposition 4.1] so it suffices to prove that the bound on the order of finite subgroups was unnecessary for [3, Proposition 4.1].
The proof of [3, Proposition 4.1] is long and technical, but the only time the bound on the order of finite subgroups is used is in the general position arguments in [3, Section 3] . In particular, we need to strengthen [3, Propositions 3.2 and 3.3] so that they do not depend on the order of the finite subgroup. The proof of our stronger versions (Propositions 3.7 and 3.3 below) will follow their proof but it will be made clear where we need to be more careful.
We first strengthen [3, Proposition 3.3] 
The idea behind the proof is to show that a simplicial complex has a canonical cover satisfying properties (i) and (iv), as well as a weaker version of (v). Then we construct an F-cover W of Z satisfying properties (ii), (iii), and (vi), and pull-back the canonical cover of the nerve N (W ) of W to Z. Finally we shrink this cover so that properties (v) and (vii) are fulfilled.
Before that, some notation. If K is a simplicial complex then let |K| be the geometric realisation of K. For a simplex σ of K, let int(σ) be the interior of σ in |K|. Let star K (σ) be the open star of σ in |K|, i.e. the union of the interiors of all the simplices of K that contain σ. Let bK be the barycentric subdivision of K and letσ be the barycentre of σ (soσ is a vertex of bK.) Note that |K| = |bK|. Now we begin by constructing a canonical cover of an arbitrary simplicial complex of dimension ≤ n. 
Proof. Any point x ∈ |K| is contained in the interior of a (unique) simplex σ x and so x ∈ int(σ x ) ⊆ star bK (σ x ). Hence for j = 0, . . . , n set
and then C := C 0 ∪ . . . ∪ C n is an open cover of |K|. We need to bound the number of intersections. Fix j ∈ {0, . . . , n} and then an element of C j is of the form star bK (σ) for some simplex σ of K with dim(σ) = j. If τ is another simplex of K such that star bK (σ) ∩ star bK (τ) = ∅ then there is some simplex η of bK which containsσ andτ as vertices. So by the definition of the barycentric subdivision, we have σ ⊆ τ or τ ⊆ σ.
This means that any element of C 0 ∪ . . . ∪ C j that intersects star bK (σ) non-trivially corresponds to a face of σ. Therefore the number of intersections is bounded by the number of faces of σ (including σ itself), which is 2 dim(σ)+1 − 1. Remembering that dim(σ) = j we obtain the desired bound.
In particular, this argument also shows that no two elements of C j can intersect non-trivially. Now that we know we can construct an appropriate cover of a simplicial complex we need to decide which simplicial complex to use. Our choice will be based on the following crucial observation. Therefore if we take our simplicial complex to be the nerve of some cover W then the pull-back of the nerve's canonical cover will inherit some properties of W . We call any property of a cover that is always inherited by refinements a smallness property. By choosing this cover W carefully we can ensure that properties (ii), (iii), and (vi) are satisfied.
It is in this next lemma that we need to use the work of Section 2, and here we deviate from the proof of [ 
Proof. The idea of this proof is to construct an F-cover that satisfies the smallness conditions (ii) and (iii), and then pass to a refinement using proposition 2.6. We construct our cover by finding an appropriate neighbourhood of every point in Z.
Fix z ∈ Z. First suppose that z is not contained in the closure of any element of U . Since U is finite, the set U∈U U is a closed set. Thus there is some ǫ z > 0 such that B ǫ z (z) ⊆ Z\( U∈U U). We may take ǫ z < 1 2 δ and then W z := B ǫ z (z) has diameter < δ and doesn't meet any U. The set U∈U U is F-invariant so we may also pick the ǫ z small enough such that for any g ∈ F we have ǫ gz = ǫ z and then W gz = gW z . For disjoint orbits, the group F is finite so we can pick ǫ z small enough that if B ǫ z (z) ∩ gB ǫ z (z) = ∅ for some g ∈ F then gz = z. Thus W z is a suitable open neighbourhood of z. Now suppose that there is some element of U whose closure contains z.
where U c denotes the complement of the set U in Z. By convention we say A 1 z = Z if z does not lie in any U ∈ U and similarly A 0 z = Z if z is contained in all the U for U ∈ U . Both A 1 z and A 0 z are open sets by the finiteness of U , and non-empty since
Pick B z to be an open neighbourhood of z in Z such that for every g ∈ F if gB z ∩ B z = ∅ then gz = z. Such a neighbourhood exists since F is finite (and Z is Hausdorff). Thus the orbit of B z is disjoint.
If we set C z = A z ∩ B z ∩ B 1 2 δ (z) then we also have the diameter bounded by δ. We still need these neighbourhoods to be F-equivariant, meaning C gz = gC z for all g ∈ F. We can achieve this by setting
In fact, W 0 is an open F-cover with disjoint orbits and so we can apply proposition 2.6 to this cover to obtain an F-refinement W which has dimension ≤ n and inherits the two smallness conditions from W 0 .
Using these three lemmas we can prove proposition 3.3.
Proof of Proposition 3.3. Lemma 3.6 gives us a cover W of Z that satisfies properties (ii), (iii) and (vi). The nerve N (W ) of W is then an n-dimensional simplicial complex and the group action on W induces an action of F on N (W ). The (realisation of) the nerve has a canonical cover C = C 0 ∪ . . . ∪ C n given by lemma 3.4. The continuous map
∪V n is the pull-back of the canonical cover of |N (W )| and thus is a refinement of W by lemma 3.5. From these definitions it immediately follows thatV satisfies property (i).
Moreover, we claim thatV satisfies properties (ii), (iii), (iv), and (vi). Properties (ii) and (iii) are smallness conditions which are satisfied by W so these properties are inherited byV.
The coverV satisfies property (iv) since it is the pull-back of C and C satisfies property (iv).
The coverV is F-invariant (i.e. satisfies property (vi)) since the cover C is F-invariant and the map f W is F-equivariant.
However we do not necessarily have the remaining two properties (v) and (vii). We do have a weaker version of property (v), namely we know that
because this is true of the cover C of N (W ). To get a cover of Z that also satisfies properties (v) and (vii) we shrink the elements of the coverV, being careful to not lose any of the other properties, which we do as follows. Properties (ii) and (iii) are smallness conditions so V inherits them fromV. Property (iv) is not a smallness condition in general but we have not increased the number of elements in our cover and we cannot get more intersections by shrinking the sets so V also inherits property (iv) fromV.
For property (v), observe that for any V ∈V, the closure of V1 /m is contained in V. Hence if the closures of V1 /m , V ′ 1 /m ∈ V j intersect non-trivially then V ∩ V ′ = ∅ but then V = V ′ sinceV satisfies a weaker version of property (v).
The coverV is F-invariant and we have shrunk its elements in a uniform way, hence the cover V is also F-invariant, i.e. it satisfies property (vi).
Finally, every element of V is the interior of a closed set, thus condition (vii) is fulfilled.
We still need to strengthen [3, Proposition 3.2] . 
Proof. We won't give all the details here since almost all of the details are in [3] . We will explain where they used the order of F and how to avoid this problem. The rest of the proof will only be sketched.
First pick an F-invariant metric d on Z and then by the compactness of Z and finiteness of U there is some δ > 0 such that for all U ∈ U
As in the proof of Proposition 3.3, before proving the proposition in full generality Bartels-Lück-Reich consider the special case of a simplicial complex of dimension n where each element of U is the interior of a subcomplex. They use the barycentric subdivision to construct such a map β.
In the general case they start with an open cover V of Z with dim(V ) ≤ n such that the diameter of any element of V is bounded by δ/3. To make this F-equivariant they set V F = FV = {gV | g ∈ F, V ∈ V }. This is where they use the order of F because they only get dim(V F ) ≤ (n + 1)|F|.
However, if we define V to be the cover of Z consisting of all the open balls B δ/3 (z) for z ∈ Z then we can apply Proposition 2.
The diameter of every element of a cover being bounded by δ/3 is a smallness property and is inherited by the refinement V F . Therefore we can continue the proof given in [3, Proposition 3.2] with our version of V F , whose dimension does not depend on the order of F, and we obtain our stronger version of the proposition. 
The existence of the long and thin covers
Under the assumptions listed in Convention 3.1, Theorem 3.2 gives us a way to cover a cocompact subset of FS >γ but it does not give us a cover of FS ≤γ . The existence of such covers was formulated as [1, Definition 5.5] and is repeated below. If a flow space admits long F -ocvers at infinity and periodic flow lines then we can find a cover of the entire flow space, which is made formal in the following theorem. Second, he uses [1, Theorem 5.7] (which needs long F -covers as an assumption). The condition that there is a bound on the order of finite subgroups from [1, Theorem 5.6] need not hold here, but we can use our improved version Theorem 4.2 which doesn't need this condition.
All the other conditions hold as explained in [1, Section 6.2] . These are all the neccesary modifications.
For example in [7] it is shown that the general linear group over the polynomial ring over a finite field admits long F -covers at infinity and periodic flow lines for some family F . These groups do not have a bound on the order of finite subgroups. is then used to show that they satisfy the Farrell-Jones conjecture relative to some family F . This is a key step in showing the full conjecture for them.
One also gets using [2, Theorem 1.1 (ii)] that G satisfies the L-theoretic Farrell-Jones conjecture relative to the family F 2 ∪ V cyc, where F 2 denotes the family of all subgroups of G that have a subgroup from F of index at most two. By [5, Theorem 5 .1] we can show that for any finite group F the group G ≀ F satisfies the K-and L-theoretic Farrell-Jones conjecture relative to the family to all subgroups that are virtually a finite product of groups from F .
